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In this paper, we discuss an elliptic variational inequality with double obstacles
in a ﬁnite interval which can be rewritten as a nonlinear boundary value problem.
We use a parabolic initial-boundary value problem to approximate it and prove
that every smooth solution of the variational problem can be regarded as a limit
of a smooth solution of a parabolic problem. From the viewpoint of numerical
computation, parabolic equations are easy and can be solved using extremely stable
standard computer routines. Therefore, our result is useful both for the theory of
differential equations and for the numerical computation. © 2001 Academic Press
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1. INTRODUCTION
Set
K = u·  0 < a1 ≤ u· ≤ a2∇u· ∈ L2
a b ua = α ub = β
where a1 a2 α and β are known constants, a1 ≤ α, β ≤ a2, and ∇ ≡ ddx .
Obviously, K is a convex set.
In this paper, we discuss the following variational inequality problem with
double obstacles: Find u ∈ K such that
∫ b
a
∇u · ∇v − udx+
∫ b
a
f · v − udx ≥ 0 (1)
for any v ∈ K, where f is a bounded function.
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The variational problem (1) has some practical background and arises
from some control problems. In some parameter identiﬁcation problems
by optimal control methods, for example, when identifying volatility of the
underlying asset from option prices (see [4]), one usually needs to deal with
the problem (1).
This paper is interested in the mathematical analysis of the problem (1)
and is organized as follows. In Section 2, we rewrite problem (1) as a bound-
ary value problem for a second-order nonlinear ordinary differential equa-
tion. Finally, we introduce a parabolic initial-boundary value problem to
approximate it. Here the most important thing is to obtain some uniform
(with respect to time t) estimates of the solution to the parabolic problem.
The parabolic approximation method can also be used to discuss some non-
linear two-point boundary value problem.
2. A NONLINEAR BOUNDARY VALUE PROBLEM
First, let us deﬁne some basic function spaces
H1
a b = u·  u ux ∈ L2
a b
Cα
a b =
{
u·
∣∣∣ sup
x1 x2∈
a b
ux1 − ux2
x1 − x2α
< +∞
}
with 0 ≤ α < 1
W
2 1
2 Q = vx t  v vx vt vxx ∈ L2Q
equipped with the norms
uH1
a b = uL2
a b + uxL2
a b
uCα
a b = sup
x1 x2∈
ab
ux1 − ux2
x1 − x2α
vW 2 12 Q = vL2Q + vxL2Q + vtL2Q + vxxL2Q
where Q = 
a b × 
0 T .
From the Sobolev embedding theorem, we know that if u ∈ H1
a b,
then u ∈ Cα
a b with 0 ≤ α ≤ 12 . Moreover,
uCα
ab ≤ C1uH1
a b
Here C1 is a constant.
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Now, we turn to the variational problem (1) with double obstacles. The
variational problem (1) can be rewritten in the form

−u′′ + f = 0 if a1 < ux < a2
−u′′ + f ≥ 0 if ux = a1
−u′′ + f ≤ 0 if ux = a2
ua = α ub = β.
(2)
Let f+ = maxf 0 f− = minf 0 then f = f+ + f−. Here one should
notice that the equivalence of (1) and (2) requires that u ∈ C2
a b and
that f be continuous on 
a b.
To solve problem (2), we consider the boundary value problem{−u′′ + f = f+θu− a1 + f−θa2 − u
ua = α ub = β (3)
where
θs =
{
1 s ≤ 0
0 s > 0.
One should notice that θ0 = 1.
Obviously, if u is a solution of problem (3), then u solves problem (2).
Problem (3) can be transformed as{−u′′ = Fu x x ∈ a b
ua = α ub = β, (4)
where Fu x = f+
θu− a1 − 1 + f−
θa2 − u − 1.
3. PARABOLIC APPROXIMATION
How do we solve the nonlinear boundary value problem (4)? We use a
parabolic initial-boundary value problem to approximate it.
Consider the following parabolic initial-boundary value problem,

vt − vxx = Fv x x t ∈ a b × 0∞
vt=0 = v0x
vx=a = α vx=b = β
(5)
where we suppose v0x ∈ C2
a b a1 ≤ v0x ≤ a2 v0a = α v0b = β.
For problem (5), we have the following results.
Lemma 1. Let v be a smooth solution of (5). Then there exists a constant
M0 such that
sup
xt∈
ab×
0∞
vx t ≤M0
where M0 is independent of v.
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Proof. Let w = vx t − v0x. Then we have

Lw ≡ wt −wxx = Fv x + v0xx x t ∈ a b × 0∞
wt=0 = 0
wx=a = 0 wx=b = 0
From the structure of Fv x and the assumptions of f x and v0x, we
have
Fv x + v0xx ≤ C2 for x ∈ a b
where C2 is a positive constant.
Take px = b0x2 + b1, where
b0 = −
C2
2
 b1 ≥
C2
2
maxa b2
Direct calculation leads to

Lw − px ≤ 0
w − pxt=0 ≤ 0
w − pxx=a ≤ 0 w − pxx=b ≤ 0
From the comparison principle of parabolic equations, we have w−px ≤
0 for x t ∈ a b × 0∞. That is,
w ≤ px for x t ∈ a b × 0∞
Similarly,
w ≥ −px for x t ∈ a b × 0∞
Hence,
wx t ≤ px ≤ b1
It leads to
vx tL∞ ≤ v0xL∞ + b1
This completes the proof of Lemma 1.
Lemma 2. Let v be a smooth solution of (5). Then there exists a constant
M1 such that
sup
xt∈
ab×
0∞
vt  ≤M1
where M1 is independent of v.
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Proof. Introduce a smooth approximation θεx to θx such that
θ′εx ≤ 0 and limε→0+ θεx = θx. Suppose vεx t satisﬁes

vεt − vεxx = Fεvε x x t ∈ a b × 0∞
vεt=0 = v0x
vεx=a = α vεx=b = β
(6)
where Fεvε x = f+
θεvε − a1 − 1 + f−
θεa2 − vε − 1.
Let W = vεt . Direct calculation leads to

Wt −Wxx − f+θ′0 − f−θ′1W = 0
W t=0 = v0xx + Fεv0 x
W x=a = 0 W x=b = 0
where θ0 = θεvε − a1 θ1 = θεa2 − vε, and −f+θ′0 − f−θ′1 ≥ 0.
From the maximum principle, we have
vεt L∞ = W L∞ ≤ v0xxL∞ + FεL∞ ≤ v0xxL∞ + 4f L∞  (7)
Let Q = 
a b × 
0 T . From the Lp-theory of parabolic type equations,
we have
vεW 2 12 Q ≤ C3 (8)
where C3 is a constant and is independent of ε.
Let ε→ 0 and (8) leads to
vε −→ v weakly in W 2 12 Q (9)
Combining (7) and (9), we obtain
vt L∞ ≤M1 a.e.,
where M1 is independent of T . This completes the proof of Lemma 2.
Lemma 3. Let v be a smooth solution of (5). Then there exists a constant
M2 such that
sup
t∈
0∞
∫ b
a
∇vx t2 dx ≤M2
where M2 is independent of v.
Proof. From (5), we have
∫ b
a

v − v0vt − v − v0vxx − Fv xv − v0dx = 0 (10)
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By (10), one can easily deduce that
∫ b
a
∇v − ∇v0∇v dx =
∫ b
a

v − v0vt − Fv xv − v0dx
Hence, from Lemma 1 and Lemma 2, we obtain
∫ b
a
∇vx t2 dx
≤ 2
∫ b
a
vt L∞ + F L∞v − v0L∞ dx+
∫ b
a
∇v02 dx ≤M2
where M2 is independent of t. This completes the proof of Lemma 3.
From Lemma 1, Lemma 2, (5), and Arzela’s Theorem, we have the fol-
lowing main result.
Theorem 4. Let f be continuous on 
a b and v be a smooth solu-
tion of (5). Then limt→∞ vx t = v∞x exists. Moreover, v∞x ∈ C2
a b
satisﬁes


−v′′∞x + f = 0 if a1 < v∞x < a2
−v′′∞x + f ≥ 0 if v∞x = a1
−v′′∞x + f ≤ 0 if v∞x = a2
v∞a = α v∞b = β.
(11)
That is, v∞x is a solution to the problem (2).
Proof. Let f ∈ C
a b and v be a smooth solution of (5). Then, from
Lemma 1, Lemma 2, and (5) we have
sup
xt∈
ab×
0∞
vxxx t ≤M1
where M1 is independent of v.
Using Arzela’s Theorem, one can select a subsequence vx tn of vx t
such that limtn→∞ vx tn = v∞x exists and v∞x ∈ C2
a b. Further,
the smoothness of vx t yields that limt→∞ vx t = v∞x. Obviously,
from the boundary condition in (5), we have
v∞a = α v∞b = β
To complete the proof of (11), we distinguish the following three cases:
Case 1. a1<v∞x<a2 Case 2. v∞x≤a1 Case 3. v∞x≥a2
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Case 1. There exists a large enough number T1 such that
a1 < vx t < a2 for t > T1
Therefore, θv − a1 = θa2 − v = 0 for t > T1. From (5), we have
vt − vxx = −f for t > T1
Let t →+∞. We have
− v′′∞x + f = 0 (12)
Case 2. There exists a large enough number T2, such that
vx t < a1 + ε < a2
where ε is a small positive constant. Therefore, θa2 − v = 0. From (5),
we have
vt − vxx = f+ · θv − a1 − f ≥ −f
Let t →+∞. We obtain
−v′′∞x + f ≥ 0 (13)
Case 3. Proceeding as in Case 2, we have
−v′′∞x + f ≤ 0 (14)
This completes the proof of Theorem 4.
Theorem 5. The solution to the variational inequality problem (1) is
unique.
Proof. Suppose u1 and u2 are two solutions to the variational inequality
problem (1). From (1), we obtain∫ b
a
∇u1 · ∇v − u1dx+
∫ b
a
f · v − u1dx ≥ 0 v ∈ K (15)
∫ b
a
∇u2 · ∇v − u2dx+
∫ b
a
f · v − u2dx ≥ 0 v ∈ K (16)
Taking v = u2 in (15) and v = u1 in (16), respectively, we deduce that∫ b
a
∇u2 − u12 dx ≤ 0
Thus,
∇u2 − u1 = 0 a.e. in 
a b (17)
From (17), u1a = u2a, and the continuity of u1 and u2, we have
u1 ≡ u2 in 
a b
This completes the proof of Theorem 5.
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We have proved that smooth solutions of the variational problem with
double obstacles can be approximated by smooth solutions of a nonlinear
parabolic initial-boundary value problem. From the viewpoint of numerical
computation, parabolic equations are easy and can be done using extremely
stable standard computer routines.
Remark 1 In paper [4], a nonlinear elliptic problem is approximated
numerically by a nonlinear parabolic problem. But, in paper [4] there is no
any theoretical proof for this approximation.
The parabolic approximation method in the present paper can also be
used to discuss the solvability and numerical computation of the two-point
boundary value problems for some second-order nonlinear ordinary differ-
ential equations. For example, consider the following two-point boundary
value problem {−u′′ = gu x x ∈ a b
ua = α ub = β. (18)
Here we suppose gu x is a bounded function and gu ≤ 0.
From the proof in this paper, we know that the boundary value problem
(18) can be approximated by the following parabolic initial-boundary value
problem 

vt − v′′ = gv x x ∈ a b × 0∞
vx 0 = v0x
vx=a = α vx=b = β
(19)
Therefore, one can determine the solution ux numerically to problem
(18) by solving (19) for large times t and prove the existence and uniqueness
of the solution to problem (18).
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